We address the issue of constraining the class of f (R) able to reproduce the observed cosmological acceleration, by using the so called cosmography of the universe. We consider a model independent procedure to build up a f (z)-series in terms of the measurable cosmographic coefficients; we therefore derive cosmological late time bounds on f (z) and its derivatives up to the fourth order, by fitting the luminosity distance directly in terms of such coefficients. We perform a Monte Carlo analysis, by using three different statistical sets of cosmographic coefficients, in which the only assumptions are the validity of the cosmological principle and that the class of f (R) reduces to ΛCDM when z ≪ 1. We use the updated union 2.1 for supernovae Ia, the constrain on the H0 value imposed by the measurements of the Hubble space telescope and the Hubble dataset, with measures of H at different z. We find a statistical good agreement of the f (R) class under exam, with the cosmological data; we thus propose a candidate of f (R), which is able to pass our cosmological test, reproducing the late time acceleration in agreement with observations.
I. INTRODUCTION
The recent observational evidence of the late time acceleration of the universe [1, 2] opened new challenges in the framework of theoretical cosmology. To explain the origin of such a cosmic speed up, cosmologists usually assume the existence of an exotic fluid called dark energy (DE) [3] . Even though its physical nature is still unclear, several attempts have been made in order to resolve the problem of its existence [4] . In general relativity (GR), the simplest possibility is the introduction of a vacuum energy cosmological constant, Λ [5, 6] . The resulting model is usually referred to as ΛCDM [7] . However, alternative approaches have followed each other, without being conclusive [8] [9] [10] [11] . To this regard, another appealing possibility is to consider GR as a limiting theory of a more general paradigm [12] ; so that, in the last decades, particular attention has been devoted to solve the prob- * Electronic address: aviles@ciencias.unam.mx † Electronic address: bravetti@icranet.org ‡ Electronic address: capozzie@na.infn.it § Electronic address: orlando.luongo@na.infn.it lem of the accelerated universe in the framework of extended theories of gravity [13] . Generally, extending GR means to review the DE effects as due to possible corrections of the Einstein-Hilbert action [14] . In this paper, we focus our attention to the case of the so called f (R) theories, in which the Ricci scalar R in the Einstein-Hilbert action is replaced by a more general analytic function, namely f (R). The corresponding action reads
, where L m is the standard matter term. By varying the action with respect the metric g µν , we obtain the field equations [16] 
in the case of the metric approach where the connection is the Christoffel one. Here T µν is the standard energy momentum tensor and G = c = 1.
The problem of determining the nature of DE is therefore shifted to understand which f (R) is the correct candidate to explain the dynamics of the universe. The correct class of f (R) should be compatible with modern observations [17] . Therefore, we propose to limit our attention only to the class of f (R) reducing to ΛCDM at the low redshift regime [18] [19] [20] [21] [22] .
In order to check the viability of f (R) models, it has been proposed in [23] to study the so called cosmography of f (R). Cosmography represents a part of cosmology which does not postulate any cosmological model a priori. Thus, it can be thought as a model independent way to fix constraints on the universe dynamics at late times through the use of a set of parameters, namely the cosmographic set (CS). The aim of this work is to relate the f (R) Taylor expansion around z ∼ 0 to the luminosity distance, determining the Taylor coefficients as functions of the CS. Afterwards, we fit the coefficients by directly using the luminosity distance; this allows us to overcome the problem of the error propagation, since the f (R) coefficients are measured directly from data. In particular, once obtained the expression of the luminosity distance in terms of f (z) and its derivatives, we perform a Monte Carlo fitting procedure. We obtain at our time stringent numerical intervals for f (z) and its derivatives up to the fourth order and then the corresponding constraints on f (R) and its derivatives. The set of cosmographic f (z) parameters is measured directly from supernovae Ia (SNeIa) data, H(z) observations, under the bound provided by the Hubble space telescope for H 0 . Finally, we get a viable candidate of f (R), reconstructing it from the cosmographic test. Such a candidate seems to pass the cosmographic and cosmological tests, extending the ΛCDM paradigm as a limiting case of a more general theory.
The paper is structured as follows: in Sec. II we develop the main features of cosmography and we define the so called f (z) cosmographic set, which is the set of f (z) and its derivatives to be fitted with the data. In Sec. III we perform a Monte Carlo analysis, based on three statistical models, while in Sec. IV we propose a viable candidate of f (R), compatible with the bounds inferred from our tests. Finally, in Sec. V we develop conclusions and perspectives of our work.
II. COSMOGRAPHIC f (z) PARAMETERS
In this section, we relate the f (R) coefficients (evaluated in terms of the redshift z) to the cosmographic set (CS). Afterwards, we use these relations to write the luminosity distance in terms of f (z) and its derivatives at z = 0. To this end, let us review briefly the theoretical features of cosmography. Cosmography, or alternatively cosmo-kinetics, is a tool to investigate the dynamics of the universe, regardless of the particular cosmological model. Cosmography indeed simply postulates the validity of the cosmological principle. Thus, it follows the use of the Friedmann-Robertson-Walker (FRW) metric, i.e.
where we assume hereafter a spatially flat universe (k = 0) and we use the notation dΩ
The paradigm of cosmography is to expand the scale factor a(t) in a Taylor series around the present time t 0 [26] . We give here the expressions for the first 6 coefficients in the expansion,
The coefficients in eq. (3) are, by construction, model independent quantities, which are called the cosmographic set (CS). They are known in the literature as the Hubble rate (H), the acceleration parameter (q), the jerk parameter (j), the snap parameter (s), the lerk parameter (l) [21] and the m parameter introduced in [22] . The set of such parameters is known in the literature as the CS.
A. Degeneracy and cosmography
The definitions given above lead to the most relevant property of cosmography, that is, overcoming the so called degeneracy problem among different cosmological models. In fact, no cosmological model is assumed a priori in the expression of the luminosity distance. Furthermore, another significative aspect of cosmography is to relate the series expansion of the luminosity distance to the CS. To this regard, it was pointed out [24] [25] [26] that direct measurements of such quantities are permitted, overcoming the problem of the statistical error propagations. Hence, it is possible to compare theoretical predictions with the observed values, without passing through a cyclic scheme which postulates a priori the form of H and f (R) [17] .
One of the most important observational quantities to be expanded in series is the luminosity distance d L . Considering the scale factor definition in terms of z, i. e. a ≡ (1 + z) −1 , the luminosity distance reads
where we defined L and F as the luminosity and the flux respectively, while
whose physical meaning is related to the distance r that a photon travels from a light source at r = r 0 to our position at r = 0. Equation (4) can be expanded in powers of z around z = 0; the expansion up to the sixth order in z is given in the Appendix A, both in terms of the CS and in terms of the derivatives of f (z). Now we want to write f (R) = f (R(z)) = f (z) and use the definitions in (3) to express f (z) in terms of the CS, i.e.
To do so, let us start from the definition of R in terms of t and H, i.e.
Using the redshift definition in terms of the cosmic time
we rewrite R in terms of z, obtaining
Hence, we can calculate R and its derivatives in terms of z and evaluate them in z = 0. The result, up to the fifth derivative, is
where, hereafter, we adopt the convention
Therefore, in order to evaluate R = R(H 0 , q 0 , j 0 , s 0 , l 0 , m 0 ), we need to express H and its derivatives in terms of the CS. To this regard, after some cumbersome algebra, we infer from Eqs. (3)
and then the corresponding derivatives of H in terms of the cosmic time read
Thus, using Eq. (7), we can rewrite Eqs. (11) in terms of the CS only, obtaining 
Then, using equations (9) and (12), we are able to evaluate the expressions of R and its derivatives as functions of the CS only.
B. The use of the modified Friedmann equations
In this subsection, we want to show the procedure to fix constraints on f (R) and its derivatives. We therefore use Eqs. (9) and (12) and we consider the modified Friedmann equations, derived by assuming the FRW metric and Eq. (1).
In the case of the standard matter term, (ρ m ∝ a −3
and P m = 0), one gets the modified Friedmann equations
and
Equations (13) and (14) determine the definition of the DE fluid in terms of the curvature as
(15) The corresponding barotropic pressure reads
with the definition of the effective curvature barotropic factor given by
Assuming the functional dependence R = R(z), we rewrite each term of Eq. (17) in terms of z. We get
and, using equation (7),
Furthermore, following [23] , we know that any f (R) theory requires
in order to be compatible with Solar System tests and
to predict the correct value for the gravitational constant G. Therefore, combining equation (18) with (9) and (12), we have
where we used the condition that
Now, using equations (18) and (19) in (17), we can write ω curv as a function of z only. Then we expand this expression as a Taylor series around z = 0, obtaining
The first term in this expansion, which we call ω 0 , depends only on f and its derivatives up to the third order (evaluated at z = 0), while the second term ω 1 depends on f and its derivatives up to the fourth order, and so forth for the higher terms.
Keeping in mind that the class of f (R) should reduce to ΛCDM at low redshift regime, we compare our results with ΛCDM; thus, by fixing in equation (23) the ΛCDM bounds
we get f 0 , f z0 , f 2z0 , f 3z0 and f 4z0 in terms of the CS only 
We refer to Eqs. (25) as the definition of the f (z)-cosmographic set (fCS). Now our intent is to constrain the values of f 0 , f z0 , f 2z0 , f 3z0 and f 4z0 . To do so, we write the luminosity distance d L in terms of the fCS by using Eqs. (25) . This is performed in two steps; first we invert the algebraic system (25) to find the CS in terms of the fCS. Then we insert these expressions in equation (A1). The result is d L as a power series of z, whose coefficients are now in terms of the fCS, instead of the CS. The explicit expression of d L in terms of the fCS is given in Eq. (A2). In addition, in order to measure the fCS using d L and the cosmological data, we need to define viable priors, compatible with the observed universe. To infer our priors we assume that the class of f (R) reduces to ΛCDM at late times, as already stressed above. We write such priors in Tab. I.
We can now perform a best fit for the values of the fCS and obtain constraints on the values of f (z) and its derivatives at present time. This will be the content of the following section.
III. MONTE CARLO ANALYSIS AND CONSTRAINTS ON FCS
In this section we evaluate the cosmological constraints on the fCS by fitting the luminosity distance (A2) with the cosmological data. We analyze three statistical models with different maximum order of parameters; this procedure, widely adopted in the literature, corresponds to assume a hierarchy among parameters. The sets that we are going to analyze are summarized as
In particular, the reason for studying the fCS in such a hierarchical way is that it is naively expected a broadening of the sampled distributions by adding more parameters. The corresponding numerical effects to the measured quantities lead to strong error propagations; this is due to the higher orders of the Taylor expansion. We are interested both in quantifying these effects and in fixing constraints on the fCS. Our numerical study is based on a Monte Carlo simulation, in which the chosen observational datasets for our fits can be summarized as follows
• The union 2.1 SNeIa compilation of the supernova cosmology project [27] . This sample is an update dataset of the previous compilations union 2 [28] and union 1 [29] . Union 2.1 includes measurements in the plane µ−z of 580 supernovae over the redshift range 0.015 < z < 1.414. In the following numerical analyses, we take into account systematic errors in the covariance matrix.
• Observations of the Hubble factor (OHD) as a function of redshift. We take the compilation of reference [30] which encompasses 18 measurements between the redshift range 0.09 < z < 1.75 (see Tab. I of [30] ). The data are extracted from previous works (see for ex. [31] [32] [33] ).
• A gaussian prior on the Hubble constant of H 0 = 74.2 ± 3.6 km/s/Mpc [34] , as measured by the Hubble Space Telescope (HST).
To constrain the parameters, we use a Bayesian method in which the best fits of the parameters are those which maximize the likelihood function
where χ 2 is the (pseudo)chi-squared function [35] . Since the different sets of observations are not correlated, the function χ 2 is simply given by the sum
We perform a Markov Chain Monte Carlo analysis by modifying the publicly available code CosmoMC [36] (see also [37] ). To obtain the posterior distributions, we assume uniform priors over the intervals given in Tab. I. In Tab. II, we show the summary of the constraints. We report the best fits given by the maximum of the likelihood function of the samples, the quoted errors show the 68% confidence level (c.l.). In Fig. 4 we plot the corresponding posterior distributions. The vertical lines denote the upper and lower limits for the ΛCDM case, these are obtained by using the best fits parameters reported in Tab. I, compatible with those of [38] . In Figs. 1, 2 and  3 , we show all the 2-dimensional marginalized posterior confidence intervals for the three analyzed models.
As it can be noticed from figures 1, 2, 3 and 4, the marginalized posteriors loose Gaussianity when we add further parameters to Model A. We conclude that considering Model C over Model B has the advantage that it gives more information on the cosmographic f (R) parameters without enlarge the dispersions; however, Model C is less suitable for a posterior statistical treatment.
We note that the dispersions of the samples are considerably enlarged when the third derivative f 3z0 is included within Model A. In other words, the corresponding Model B suffers from a deep dispersion problem due to the considered dataset of 580 SNeIa. Nonetheless, the introduction of f 4z0 in Model C does not substantially broaden the distributions. To quantify such an effect, the standard deviations of the distributions are in the proportions given in Tab. III. An additional comment comes from the strong tension between Model A and the ΛCDM model; such a tension could be substantially alleviated by considering Model B and Model C. 
IV. EXAMPLES OF f (R) GRAVITY
In this section, we provide a new explicit example of an f (R) model that reduces to ΛCDM when z ∼ 0 and satisfies the theoretical constraints (20) and (21) . In doing so, we combine recent theoretical results with our cosmographic constraints [39] . Particularly, several authors recently suggested that viable forms for f (R) may be represented by polynomial or exponential functions [40] . Additional approaches have been proposed in the literature, showing that it is possible to better constrain the Table of numerical references for f (R) and its derivatives, evaluated at z = 0, i.e. R = R 0 ; the error propagations have been evaluated through the standard differential rule. cosmological data with further assumptions [41] . Thus, we set the free parameters of our model according to the new constraints on higher order derivatives that we found in Sec. III from cosmography. In other words, our reconstruction of the f (R) function is based on modelling the discrepancies with the data by smoothing different functions, through the use of a Bayesian inverse analysis. The expression for our f (R) candidate is therefore derived in accordance with the above results, through the inverse procedure of determining from data the correct f (R) [42] . Thus, we consider a combination of viable f (R) functions, showing that, in the redshift range z 1.41, our f (R) is able to better fit the cosmographic results than previous approaches. We get
with a, b, c free parameters of the model. Clearly, with this choice for f (R) we obtain f (R 0 ) = R 0 +Λ, f ′ (R 0 ) = 1 and f ′′ (R 0 ) = 0, independently of the parameters. Next, we calculate the third and fourth derivatives in R = R 0 , i.e. [38] . Note that for the cases f2z0, f3z0 and f4z0 these are very close and cannot be distinguised.
Again, we use equations (9) and (12) to write R 0 in terms of the CS and set the value of Λ = 2(1−2q 0 )H 2 0 (according to ΛCDM). Using the numerical values in Tab. IV, we get the numerical results for the higher order derivatives of our model, i.e.
We can compare the results to those in Tab. V (Model C) to obtain the following constraints on our model a ∼ 145.5 , b ∼ −148 , c ∼ 1 .
Equation (31) represents a first example of f (R), satisfying the cosmographic constraints of fCS. We evaluated Eq. (31) by using the bounds of Tabs. II and V. We hope that such a choice could represent a viable candidate to extend the ΛCDM model as a limiting case.
V. FINAL FORECASTS
In this paper, we addressed the problem of reconstructing the correct form of f (R), through the use of the so called cosmography of the universe. In particular, we considered cosmography as a tool to infer cosmological bounds on f (z) and its derivatives up to the fourth order and consequently on f (R) and its derivatives, at our time. In addition, by considering the class of f (R) which reduces to ΛCDM at z ≪ 1, we got numerical constraints on f (R) and its derivatives by relating such quantities to the CS.
Once we rewrite the luminosity distance in terms of the f (R) coefficients, we can directly measures them, alleviating the problems of error propagation. In particular, we defined such a set of quantities as the fCS, which can be expressed in terms of the well known CS. We found the numerical constraints through the use of Monte Carlo statistical analyses, by adopting the updated union 2.1 dataset, the HST bound for H 0 and the OHD measurements.
In this coarse grained picture, we were able to get stringent limits for the fCS and we propose a candidate of f (R), able to reproduce the dynamics of the universe in accordance with the cosmographic results. We hope that the reconstruction of f (R) by using the cosmographic approach can be extended in future works in order to get more relevant constraints on different class of f (R). 
